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ON GRADED CHARACTERIZATIONS OF FINITE
DIMENSIONALITY FOR ALGEBRAIC ALGEBRAS
EDWARD S. LETZTER
Abstract. We observe that a finitely generated algebraic algebra R (over a field)
is finite dimensional if and only if the associated graded ring grR is right noetherian,
if and only if grR has right Krull dimension, if and only if grR satisfies a polynomial
identity.
1. Introduction
Examples of infinite dimensional, finitely generated, algebraic algebras (over fields)
were first produced by Golod and Shafarevich in 1964 [6], providing a negative an-
swer to the longstanding and famous Kurosh Problem. Since the early 2000s there
has been increased interest – and several new significant results – in the study of
Kurosh-type and related problems for associative algebras; see, e.g., [3], [16], and
[18] for an introduction and overview. A thumbnail sketch of relevant developments
could include: Smoktunowicz’s 2002 construction of a simple nil ring over an arbi-
trary countable field [15]; Bell and Small’s 2002 construction of a finitely generated
primitive algebraic algebra over an arbitrary field [2]; Lenagan and Smoktunowicz’s
2007 construction of an infinite dimensional nil algebra, over an arbitrary countable
field, of finite Gelfand-Kirillov (GK-) dimension [9]; Lenagan, Smoktunowicz, and
Young’s 2012 construction of an infinite dimensional nil algebra, over an arbitrary
countable field, of GK-dimension at most three [10]; and Bell, Small, and Smok-
tunowicz’s construction of an infinite dimensional primitive algebraic algebra, over
an arbitrary countable field, of GK-dimension at most six [3].
Included among prior results specifically focused on associated graded rings are
Smoktunowicz’s 2010 example of a finitely generated algebaic algebra, over an arbi-
trary countable field, for which the associated graded ideal spanned by homogeneous
elements of positive degree is not nil [17], and Regev’s 2010 theorem, for finitely gen-
erated algebraic algebras over an uncountable field, that the associated graded ideal
spanned by homogeneous elements of positive degree must be nil [14]. In both cases,
these ideals are graded nil. See (2.2) below.
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Our main result, presented in somewhat more precise form in (2.4), asserts that a
finitely generated algebraic algebra R over a field is finite dimensional if and only if
the associated graded ring grR is right noetherian, if and only if grR has right Krull
dimension, if and only if grR satisfies a polynomial identity.
Numerous naturally arising examples of infinite dimensional, finitely generated
algebras whose associated graded rings are noetherian can be found in [4] and [11].
In-depth treatments of graded and filtered rings can be found in [11] and [13].
Acknowledgement. I am grateful to Lance Small for helpful comments.
2. Graded Characterizations of Finite Dimensionality
2.1. Let k be a field, and let R be a k-algebra generated by a finite dimensional
k-subspace V of R with 1 ∈ V . The following standard setup will remain in effect
throughout this note:
(i) Letting V −1 = 0 and V 0 = k, set V m equal to the k-vector space spanned by
products over V of length m.
(ii) For a ∈ R, set |a| equal to the minimum integer m such that a ∈ V m, and set
â = a + V m ∈ V m/V m−1.
Multiplication in the associated (Z-)graded ring
grR =
∞⊕
i=0
V i/V i−1
is determined via
â · b̂ = ab+ V m+n−1 ∈ V m+n/V m+n−1,
for |a| = m and |b| = n.
(iii) Set
grR+ =
∞⊕
i=1
V i/V i−1,
a graded ideal of grR that is k-linearly spanned by the homogeneous elements â, for
a ∈ R, |a| ≥ 1. It is easy to check that R is finite dimensional if and only if grR is
finite dimensional, if and only if grR+ is nilpotent.
(iv) A subset S of R is nil if each element of S is nilpotent. A graded subring of
a group graded ring is graded nil if each homogeneous element is nilpotent.
2.2. Assuming R is algebraic over k, Smoktunowicz proved that grR+ need not be nil
if k is countable [17], and A. Regev proved that grR+ must be nil if k is uncountable
[14]. However, for arbitrary choices of k, it can easily be checked that grR+ is graded
nil if R is algebraic over k.
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2.3. Next, we give a brief survey of Jacobson’s theorem [7] (and some of its applica-
tions) concerning the nilpotence of certain subrings of artinian rings.
(i) A subset B of a ring A is weakly closed if for each pair of elements a, b ∈ B
there exists an element γ(a, b) in the center of A such that ab+ γ(a, b)ba ∈ B. In [7]
it is proved that if A is artinian then subrings of A generated by nil weakly closed
subsets are nilpotent. The earlier theorem of Levitski states that a nil one-sided ideal
of a right noetherian ring is nilpotent.
(ii) Goldie’s Theorem can be employed to obtain the following corollary, also due
to Goldie [5, Theorem 6.1]: If A is a right noetherian ring, then a nil weakly closed
subset of A generates a nilpotent subring. In fact, the proof of this last result more
generally shows: Suppose that A is a ring, that the prime radical J of A is nilpotent,
and that A/J embeds in a right artinian ring (e.g., A/J is right Goldie). Then the
weakly closed nil subsets of A generate nilpotent subrings of A.
(iii) Montgomery and Small apply Goldie’s result to conclude that graded nil sub-
rings of noetherian group graded rings must be nilpotent; see [12, Corollary 1.2].
Their key insight in this situation is that the set of homogeneous elements of a graded
subring of a group graded ring is weakly closed. Consequently, their argument can
be applied to show that if A is a group graded ring with nilpotent prime radical J ,
and if A/J embeds in a right artinian ring, then the graded nil subrings of A are
nilpotent.
(iv) Assuming that A is a ring with right Krull dimension, then the prime radical J
of A is nilpotent and every semiprime factor ring of A is right Goldie; see for example
[11, Chapter 6] for details. Therefore, by (iii), if A is a group graded ring with right
Krull dimension then graded nil subrings of A are nilpotent.
(v) Assuming that A is a finitely generated algebra, over a field k, satisfying a
polynomial identity, then the prime radical of A is nilpotent and every semiprime
factor of A is a Goldie ring; see for example [11, Chapter 13]. Therefore, again by
(iii), if A is a group graded ring satisfying a polynomial identity, then the graded nil
subrings of A are nilpotent.
We now present the main result. Recall R, grR, and grR+ from (2.1).
Theorem 2.4. If R is algebraic over k then the following conditions are equivalent:
(i) R is finite dimensional. (ii) grR is finite dimensional. (iii) grR+ is nilpotent.
(iv) grR is right noetherian. (v) grR has right Krull dimension. (vi) grR satisfies a
polynomial identity.
Proof. To start, it is easy to check that (i), (ii), and (iii) are equivalent, as already
noted in (2.1.iii). Next, it is immediate that (ii) implies (iv), (v), and (vi).
That (iv) implies (iii) follows from (2.3.iii), that (v) implies (iii) follows from
(2.3.iv), and that (vi) implies (iii) follows from (2.3.iv).
The result follows. 
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2.5. Following [11, Chapter 8, §3] (also see [8]), if A is a finitely generated algebra, over
a field k, of finite GK-dimension, and if GK-dimension is finitely partitive for A, then
A has finite right Krull dimension. Consequently, the finitely generated algebraic
algebra R of (2.4) is finite dimensional if and only if grR is finitely partitive for
GK-dimension. In [1], Bell gives examples of finitely generated algebras of Gelfand-
Kirillov dimension 2, over arbitrary fields, that are not finitely partitive for GK-
dimension.
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